Simply and reliably detecting and quantifying entanglement outside laboratory conditions will be essential for future quantum information technologies. Here we address this issue by proposing a method for generating expressions which can perform this task between two parties who do not share a common reference frame. These reference frame independent expressions only require simple local measurements, which allows us to experimentally test them using an off-the-shelf entangled photon source. We show that the values of these expressions provide bounds on the concurrence of the state, and demonstrate experimentally that these bounds are more reliable than values obtained from state tomography since characterizing experimental errors is easier in our setting. Furthermore, we apply this idea to other quantities, such as the Renyi and von Neumann entropies, which are also more reliably calculated directly from the raw data than from a tomographically reconstructed state. This highlights the relevance of our approach for practical quantum information applications that require entanglement.
I. INTRODUCTION
Central to the field of quantum information is quantum entanglement [1] , a resource which promises to revolutionize many information-theoretic tasks. Quantum technologies for performing these tasks are maturing quickly. Before long the ability to generate and quantify entanglement outside the laboratory will be essential. One problem that appears when moving into real-world conditions is that it is often difficult to establish a common reference frame between distant parties that wish to communicate. A natural question then is whether it is possible to detect and quantify entanglement in this setting. Several works have addressed this question in the recent years, proposing elegant schemes enabling the detection of entanglement in the absence of a common reference frame [2] [3] [4] [5] [6] [7] [8] . In addition, some of these schemes can quantify the entanglement in the system [3, 4] .
In this work, we examine this question both in theory and in practice, and propose a set of reference frame independent quantities allowing for a simple experimental quantification of bipartite entanglement. In particular, we first present a method for generating expressions that are independent of a shared reference frame and involve only standard local measurements. We analyze the properties of four of these expressions, and for the first one, we show how it can provide tight upper and lower bounds for a widely used entanglement measure, the concurrence [9] . Furthermore, the simplicity of our scheme allows us to experimentally calculate the expressions using an off-the-shelf entangled photon source. Crucially, we demonstrate that our experimental results provide bounds on the concurrence that are more reliable than values obtained using state tomography. Indeed, state tomography introduces errors that are difficult to quantify. In contrast, in our expressions, being simple functions of raw data, experimental errors can be reliably calculated. We also apply this technique to other quantities that are normally calculated from a tomographically reconstructed state, such as the Renyi and von Neumann entropies. This work therefore provides a reliable means to measure entanglement -and other quantities -in realistic conditions, where a shared reference frame may be difficult to establish.
II. A REFERENCE FRAME INDEPENDENT EXPRESSION
The expectation values of measurements on a quantum state can be combined to form expressions that are invariant under local rotation. We will call such expressions reference frame independent (rfi ), a term that has been first introduced in the context of quantum key distribution [10] .
We start our analysis of rfi expressions by considering a bipartite qubit state, ρ, which may be decomposed in the Pauli basis as follows:
where σ 0 = I, the identity operator, σ 1 = |0 1| + |1 0|, σ 2 = i|0 1| − i|1 0|, σ 3 = |0 0| − |1 1| are the Pauli operators, and by σ i σ j we denote the expectation value tr(σ i σ j ρ). We can then express the quantity trρ 2 , i.e.,
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the purity of the state, in this decomposition, as
where only non-traceless products, arising for i = i and j = j , contribute to the summation. Removing all the identity operators from this summation leads to the expression
which is known to be a reference frame independent quantity [2, 5, 7] , meaning that it satisfies
for any local single qubit rotations, R A and R B . The quantity Q 2 is sensitive to entanglement, taking the value 3 for a maximally entangled state and a value less than or equal to 1 for separable states (the equality holds for a separable pure state). The identity
allows Q 2 to be expressed in terms of full and partial state purities [5] ,
where ρ A,B = tr B,A (ρ). Expressing Q 2 as a function of purities shows that it is invariant under local rotations R A and R B . It also explains why Q 2 detects entanglement, since the entanglement of a bipartite state can be characterized by the full and partial purities [11] . Eq. (6) can also be written
where [2, 5, 7] showed that Q 2 can be used to witness entanglement, and also to establish the experimental Schmidt decomposition. We will show in the following that it can also be used to derive bounds on the concurrence, a measure of entanglement [9] .
Before we do this, we will present a general method for generating rfi expressions suggested by the above.
III. METHOD FOR GENERATING REFERENCE FRAME INDEPENDENT EXPRESSIONS
Instead of considering the purity, trρ 2 , let us apply the above argument to the quantity trρ n . For each power of n (n ≥ 3), a new rfi entanglement sensitive quantity is found by removing identity terms and repetitions of existing expressions from the Pauli decomposition.
For instance, expressing trρ 3 in the Pauli decomposition, 1 64
and following a straightforward but long calculation (see Appendix A for details), leads to the expression
which is reference frame independent. The quantity Q 3 takes the value 1 for a maximally entangled state and 0 for a separable pure state. As with Q 2 , we can write Q 3 in a more useful way
in terms of partial purities and a previously known rfi quantity, G = 3 i,j=1
This shows that Q 3 is, indeed, rfi.
Following the same procedure for higher powers of ρ gives more entanglement sensitive expressions. As the power increases the calculations become more complicated and expressions must be carefully checked for reference frame independence since they are not always functions of known expressions. From the decomposition of trρ 4 we find the expression
which can be written as a function of other rfi expressions
including Q 1 , Q 2 , Q 3 , and G, and three new expressions,
The quantity Q 4 takes the value 6 for a maximally entangled state and 0 for a separable pure state. Beyond n = 4 the expressions become large and writing them down is cumbersome. Nonetheless, more entanglement sensitive expressions exist: trρ 5 defines (at least one) new expression, Q 5 , written explicitly in Appendix B. The quantity Q 5 takes the value 3 for maximally entangled states and 0 for separable pure states. It is a simple but long exercise in algebra -not included here -to show that Q 4 (and Y , Z 1 and Z 2 ) and Q 5 are indeed rfi .
IV. QUANTIFYING BIPARTITE ENTANGLEMENT
We now show that our reference frame independent expressions give bounds on the concurrence, C, of a bipartite state [9] .
We start with the lower bound, using the result
developed in the context of direct measurements [12] , a way of characterizing entanglement using two-fold copies of the state, ρ ⊗ ρ [13] [14] [15] . By the observation that 2 max r=A,B {trρ 2 − trρ
and Eq. (6) we find
Note that this bound is only slightly looser that the bound in Eq. (16) since for the (generally, highly entangled) states that interest us the difference |trρ (16) is rfi, the direct measurement methods for the experiments finding it do need aligning, unlike the measurements we use to verify Q 2 .
It is also possible to derive an upper bound on C based on direct measurement schemes. In this case, the result [15] 2 min
implies the bound (Q 2 + 3 − 4trρ 2 )/2 ≥ C 2 . Note that the left hand side of this expression can be calculated from the measurements needed for Q 2 since trρ 2 can be computed from Pauli measurements, as shown by Eq. (2) . Unfortunately this bound is loose. Indeed, it cannot be tighter that the bound in Eq. (18) , which is also fairly loose (numerical simulations show that this bound is usually much looser than the one we will propose -see Section VI).
We propose instead a bound which is tighter, and justify it with a strong albeit not general argument. Observing that the lower bound is saturated by a pure stateand taking inspiration from references [3, 4] -we assume that our bound is saturated by a state whose mixedness can be varied independently of its entanglement. Such states, known as maximally entangled mixed states (MEMS), were suggested in reference [16] ,
where x, y, α, β and γ take real, non-negative values such that ρ MEMS is a valid quantum state. The concurrence of ρ MEMS is C(ρ MEMS ) = γ − 2 √ αβ. Our goal is to minimize Q 2 (ρ MEMS ) for a given C. Setting β = 0 maximizes the concurrence with no effect on Q 2 (ρ MEMS ). By setting φ = x + y and applying the normalization condition φ + γ + α = 1 we find
We then minimize over φ, which leads to the upper bound
The upper and lower bounds for C, Eqs. (21) and (17), respectively, are shown in Fig. 1 . They are respected by randomly generated mixed states. A value of Q 2 > 1 here implies non-separability. A useful property of Q 2 is that it lets us lower bound C efficiently [2] , i.e. using fewer measurements than needed for state tomography, since any subset, S, of the tomographic measurements lower bounds Q 2 , i,j∈S σ i σ j 2 ≤ Q 2 . Reference [4] presented bounds on the concurrence in terms of the rfi quantity G, although these bounds were not proven in generality (and the class of states they use is less general than ρ MEMS ). In contrast, our lower bound for C is proven in the general case. Following the line of enquiry of reference [4] we note that the state purity, which is also a rfi quantity, may help to quantify entanglement. The mixed states that are used as numerical evidence in Fig. 1 are categorized by purity. The boundaries of each category suggest that knowing the purity may help bound the concurrence more tightly. For instance, states of purity ≤ 0.5 may never be able to cross the Q 2 = 1 boundary, even if they are entangled. This implies that Q 2 is not optimal and justifies the search for better rfi quantities sensitive to entanglement. it is not proven in generality) are respected by several million randomly generated mixed states. Furthermore, categorizing these states by purity lets us further discriminate entanglement. States of purity ≤ 0.5 are shown in red; 0.5 − 0.6 in blue; 0.6 − 0.7 in green; 0.7 − 0.8 in cyan; and 0.8 − 0.9 in purple (color online). The boundaries suggest that purity can be used to tighten the upper bound on concurrence.
In Fig. 2, we show the values of the rfi expressions Q 3 , Q 4 and Q 5 for a large number of randomly generated mixed states. The results suggest that these expressions can quantify bipartite entanglement; indeed, the narrow spreads of their values suggest that they may give tighter bounds on concurrence than Q 2 , especially for highly entangled states. Although we do not prove this, we expect that the rfi expressions arising from ρ n , where n > 5, may give increasingly tight bounds on the concurrence since the quantities trρ n contain increasingly large amounts of information about the state, letting one calculate -for instance -the Renyi entropies (see Section VI), which are measures on entanglement.
V. EXPERIMENTAL DEMONSTRATION
Our quantities can be calculated using the simple experimental procedure of measuring the Pauli operators on a bipartite entangled state. This allows us to demonstrate the main ideas of this work experimentally using an off-the-shelf entangled photon source [17] . This source generates polarization entangled photon pairs in the state |φ
(|HH − |V V ), at a wavelength of 810 nm. Measurements are performed using a rotating quarter wave plate and a polarizer placed at the path of each photon before a silicon avalanche photodiode. The fidelity of the generated state with respect to the maximally entangled state |φ − was 91%. (Since the model we assume is collaborative, rather than adversarial, as in Figure 2 : Concurrence vs. Q3 (blue), Q4 (green) and Q5 (cyan) (color online) for 5 million randomly generated bipartite mixed states. Also shown are the bounds of Q2 (black). All the expressions have been normalized to have maximum value 1. The spreads of values of Q3, Q4 and Q5 get increasingly narrower, suggesting that Q3, Q4 and Q5 may give tighter bounds on the concurrence than Q2, especially for highly entangled states.
quantum key distribution, losses play no role -we consider only photon coincidences.)
We calculated the values of Q 2 , Q 3 , Q 4 and Q 5 for ten states: the initial unrotated state and nine rotated states, where in each case a randomly chosen rotation was applied to one qubit. Note here that a random rotation on one qubit of a maximally entangled state has the same effect as random rotations on both qubits. The rotations are chosen using the Haar measure, which ensures that they are evenly distributed, and they are applied by adjusting the quarter wave plate and the polarizer in the path of the rotated photon. The results are shown in Fig.  3 . In all cases the values violate the bounds for separable states, however they do not reach their maximum values because the state is not maximally entangled.
We have also demonstrated that Q 2 can be bounded efficiently using the procedure of reference [2] , which shows how to pick measurements based on previous results in order to prove that an unknown state is entangled using the fewest measurements possible. The results are shown in Fig. 3 for the case of three measurements. Three measurements are sufficient to violate the separability bound of Q 2 for most of the rotated states that we have examined. But the method of reference [2] only guarantees a violation for maximally entangled states, and thus sometimes fails for imperfect states as we observe in Fig. 3 .
The quantities Q 3 , Q 4 and Q 5 cannot be calculated efficiently because they contain negative terms. However, all these rfi quantities have the crucial advantage of being simple functions of raw data, which means that experimental errors can be easily traced through the cal- The experimental values of Q2, Q3, Q4, Q5 (black, blue, green, cyan -color online) for ten different rotations of the state. Rotation 1 corresponds to the unrotated state. All quantites have been normalized to a maximal value of 1. The horizontal black line indicates the bound for separable states for Q2, which is equal to 1/3 because of the normalization. In grey, we show the efficient lower bounds on Q2 found using three measurements chosen according to the method of [2] . The dark blue regions show possible values of the concurrence, C, which is plotted on the right hand axis.
culation and expressed as error bars on the values of the quantities. In contrast, state tomography, which involves matching data to the nearest physical quantum state (statistical variations in the data mean states with negative eigenvalues are often found, for instance), introduces errors that are hard to characterize [18] [19] [20] [21] .
We show this experimentally: for each rotation we calculated the upper and lower bounds on the state concurrence, given by Eqs. (21) and (17), respectively, from the measured values of Q 2 . The results are shown in Fig. 3 . The concurrence of the unrotated state (rotation 1 in Fig.  3 ) is bounded as 0.895 ± 0.004 ≤ C(ρ) ≤ 0.948 ± 0.002. Note here that the error bars are one standard deviation, found using the standard error propagation formula. This links the values of the expression to the experimental data, which we assume to obey Poissonian statistics. State tomography using the same data [22] gives a reconstructed state with concurrence C(ρ tomog ) = 0.85, which suggests that the tomographically reconstructed state is quite different to the real one. Indeed, if we had performed our experiment on ρ tomog , we would have found Q 2 (ρ tomog ) = 2.44, a significant deviation from the actual (unnormalized) value Q 2 (ρ) = 2.60±0.01. The mismatch between real and reconstructed states has already been reported [23] , and has led to the development of better tomographic methods [18] [19] [20] [21] , albeit ones which are often difficult to perform in practice. Expressions such as Q 2 , Q 3 , Q 4 and Q 5 , which are simple functions of raw data, provide reliable ways of characterizing entanglement.
VI. EXTENSION TO FURTHER QUANTITIES
This idea can be applied to more complex quantities, which would normally be computed from a tomographically reconstructed state, as was done in reference [24] . All functions of a density matrix can be expanded in terms of expectations of the Pauli operators. Expressing them in this form allows us to trace through the experimental errors directly as above.
As an example, let us consider the purity, which can be calculated directly from the tomographic data: the full state purity is given in Eq. (2), while the partial purity is trρ 2 A = 1/2 3 i=0 σ i σ 0 . This can be used to implement a simple, but powerful entanglement test. As shown in reference [11] , all bipartite separable states obey
Entanglement can thus be proven from the raw data by contradicting this. Our (unrotated) state gives the purities trρ Similarly, the full and partial state purities can be used to compute the bounds on concurrence proposed in references [12, 15] ,
References [11, 13] showed that, in principle, the entanglement measures in the Eqs. (22) and (23) can be obtained using just one observable. However, in practice these methods need two-fold copies of the state, ρ ⊗ ρ, and, in the scheme of [13] , a multi-qubit operator controlled by an ancilla qubit; it is much simpler to generate entangled states one at a time and measure single-qubit observables, which are the only requirements of our method. For our state, we find the bounds 0.8968±0.0009 ≤ C(ρ) ≤ 0.9918±0.0002. Note here that, while the lower bound agrees with that given by Q 2 , the upper bound given by Eq. (23) is much looser. The tomographically reconstructed state gives the bounds 0.85 ≤ C(ρ tomog ) ≤ 0.99. Knowing the purity also lets us bound the Renyi entropies,
Since S 1 ≥ S 2 ≥ . . . ≥ S ∞ , knowing S 2 = − ln trρ 2 is enough to upper bound all but the first Renyi entropy, the Von Neumann entropy, S 1 = −tr(ρ ln ρ). That is we have
This can efficiently calculated: one may find a useful bound without performing the full set of tomographic measurements,
where S is a subset of the tomographic measurements.
(Thus Q 2 also bounds S 2 , − ln Q 2 ≥ S 2 .) Our state gives S 2 (ρ) = 0.0981±0.0009. To demonstrate the power of bounding S 2 efficiently we consider the largest four expectation values, giving the value 0.1188±0.0009 ≥ S 2 , an improvement on the tomographic value, S 2 (ρ tomog ) = 0.14, which needs nine measurements. Of course, the hierarchy of Renyi entropies also implies a lower bound on the von Neumann entropy [25] , S 1 ≥ S 2 , although not a very tight one. We now propose a method for finding tighter lower bounds. We have shown how to calculate trρ n for n ≥ 2 from the tomographic data (for instance, Eq. (8) gives trρ 3 ). Using this we can bound the Von Neumann entropy, which we write as an expectation value, S 1 = − ln ρ . We express the natural logarithm as a Mercator expansion,
An abbreviated expansion always lower bounds S 1 since each term, tr ρ(1−ρ) n /n, is non-negative. For instance, given trρ, trρ 2 , trρ 3 and trρ 4 , we can lower bound S 1 ,
Note that trρ n is calculated from the same data for any value of n. The only limitation in the number of terms in the Mercator expansion is the length of time it takes to compute the expressions. In practice the computation bottleneck arises when calculating error bars. Using this method our (unrotated) state gives S a (ρ) = 0.99 ± 0.001, while the Von Neumann entropy calculated from the reconstructed state is S 1 (ρ tomog ) = 0.28.
As shown in reference [26] , given trν, trν 2 , trν 3 and trν 4 , it is even possible to calculate the eigenvalues of the matrix ν, providing a way to measure entanglement detecting quantities such as concurrence and positivity of the partial transpose (PPT) [1] directly.
VII. DISCUSSION
We have addressed the question of the detection and quantification of bipartite entanglement in the practical setting where a shared reference frame between the two parties is absent by presenting a method for generating expressions that are invariant under reference frame rotation. We have analyzed four expressions and have shown analytically, for the quantity Q 2 , that it can provide tight bounds to the concurrence of a state, while a numerical analysis suggests that the quantities Q 3 , Q 4 and Q 5 may provide even tighter bounds. The quantity Q 2 can also be lower bounded using fewer measurements that required for state tomography [2] . Our expressions have the important advantage with respect to state tomography that they are calculated from raw experimental data, which means that errors can be easily characterized and be represented as error bars on the values of the expressions. Using an off-the-shelf source, we have shown experimentally bounds on concurrence given by these expressions are more reliable than the values calculated using state tomography. In this sense, our expressions provide efficient and reliable tests of entanglement for rotated quantum states.
Furthermore, we have applied the same idea to other quantities, which are normally calculated from a tomographically reconstructed state. Once again, the values of expressions that are simple functions of raw data, for which an analysis of experimental errors is straightforward, are more reliable than those found from a reconstructed state. Our experiment therefore shows that complicated, non-linear quantities can be directly (and sometimes efficiently) estimated from the results of a simple experimental setup. Calculated directly, these quantities are more reliable -and have errors that are more easily characterized -than those found from state tomography.
We pose two questions which we leave unanswered. First, it would be interesting to perform this experiment using mixed states -to see the effect of purity on the reliability of our expressions relative to those derived from state tomography. Second, it would be interesting to derive analytic bounds for the higher order expressions and to find more rfi expressions that can be efficiently bounded. Finding such expressions in a multiparty setting is also an important question with implications in the practical demonstration of advanced quantum information protocols.
